Quantum enhanced measurement termed as quantum metrology is important for quantum information science and technology. A crucial measure for the minimum achievable statistical uncertainty in the estimation of the parameters is given by the quantum Fisher information (QFI). Although QFI of closed systems has been investigated, how the nonequilibrium environments influence the QFI of open systems remains elusive. In this study, we consider a two-fermionic open system immersed in two fermionic reservoirs, and investigate how nonequilibrium environments influence the quantum Fisher information (QFI) and explore the relationship between the QFI and the entanglement strength of this open system. The parameters to be estimated are the inter-site tunneling rate ∆ and the coupling strength Γ1 between one fermion site and the environment it is in contact with. We find that when the tunneling rate is small, its QFI F∆ predominantly increases with the biases or nonequilibriumness between the two reservoirs, while for the large tunneling rate F∆ mostly decreases with the degree of nonequilibriumness. This feature is in agreement with the trend of the entanglement or coherence of this open system. For the local coupling strength Γ1, its QFI FΓ 1 increases monotonically in all cases considered. The universal increasing trend gives an apparent discrepancy for the behaviors of the entanglements or the coherence in the same nonequilibrium conditions. Our results suggest that in an open system a large QFI for a local parameter does not necessarily indicate a strong quantum correlation in the system but instead a strongly nonequilibrium condition in the system.
I. INTRODUCTION
Quantum enhanced measurement is one of the technologies that has seen tremendous developments during the past decade and is proceeding at an unprecedented speed. As early as 1980s, detailed proposals had been put forward to enhance the sensitivity of gravitational wave detection by using squeezed light [1] . Similar idea was also proposed in the field of spectroscopy in 1985 to enhance the fermion interferometer sensitivity [22] . One of the standard tools to evaluate the quantum enhancement has been the celebrated quantum Cramér-Rao bound. The Cramér-Rao bound gives the minimum achievable statistical uncertainty in the estimation of the parameter, which is defined as the quantum Fisher information (QFI) [5, 24, 25] .
QFI plays a central role in quantum estimation theory and it was shown to be closely related to the entanglement. In linear interferometers, QFI is directly related to multipartite entanglement [1, 2, [12] [13] [14] , and that genuine multiparticle entanglement is needed for reaching the highest sensitivities in quantum interferometry [2] . A large quantum Fisher information usually implies a nonvanishing Bell correlation and other quantum correlations such as quantum discord [26, 27] . However, some recent studies indicated that the quantum metrology is not related to the fundamental concept of entanglement [23] . The extensive previous studies have been focused on the unitary evolution of some specific closed quantum system which is the ideal case for the quantum gate operations. Nevertheless, in most realistic cases noises from the ambient environment will deviate the state from the prepared or assumed forms in an uncontrollable manner and is a fact we have to deal with. Noises from the environments renders the evolution of a quantum system in general to be non-unitary in time or other estimated parameters. Therefore, the study of QFI in an open system is important for realistic consideration.
During the past ten years, the application of quantum metrology to quantum open systems have received more attentions [4, 7] . For example, QFI serves as a measure of the geometric distance between the two quantum states. In an open system, QFI was used to study the quantum phase transitions of which the order parameters were not known [30] . In most cases, the noises from the environments can kill the quantum boost of precision scaling and can in general prohibit Fisher information [28, 29] . In the quantum information processing, noises can limit the processing power of a quantum computer. It was noticed that in some cases the nonequilibriumness of a system may influence QFI in a positive way. In particular, it was shown that in an optical molecular system coupled with two reservoirs, the steady-state coherence which is sustained by the nonequilibrium environments can enhance quantum metrology [7, 17] . In this study, we show that the nonequilibrium boost on quantum metrology is more prominent for estimating local parameters, for example in our model the local site-reservoir coupling. For the QFI of the non-local inter-site coupling/tunneling rate, its relationship with nonequilibriumbness of the system can be complicated and the nonequilibrium enhancement is only apparent for the small tunneling scenario.
In this study, we quantify the performance of the parameter estimations of the non-local inter-site coupling/tunneling and the local site-reservoir coupling with the QFI. We consider quantum Fisher information of a two-fermionic system in two fermionic environments. This is in contrast to the often studied cases where bosonic systems and bosonic baths are considered. Fermionic systems appeared often in quantum information science and condensed matter systems while the fermionic environments are under the particle exchange with the system rather than the case of bosonic bath under the thermal energy exchange with the system. We demonstrate that a stronger quantum correlation does not necessarily imply a larger QFI and vice versa. We show that a controlled environment can indeed promote the precision of the parameter estimations in certain cases. In particular, an appropriate choice of nonequilibrium conditions can enhance the QFI significantly. We illustrate that for the inter-site coupling/tunneling parameter ∆, an enhanced QFI implies large entanglement but the inverse does not apply. For the local parameter Γ 1 , an enhanced QFI occurs when the system is far away from the equilibrium.
II. PRELIMINARIES OF QFI
In parameter estimation theory, Fisher information plays an important role in giving the upper bound of accuracy [1, 19] . Consider a random variable x with probability distribution p θ (x), where θ is the parameter of the distributions. Given a set of random variables that we have observed, we can estimate the parameter θ based on the observed distribution. However, this estimation may deviate from the real value and the variance of θ is given by the Cramér-Rao (lower) bound
where Var(θ est ) := (θ est − θ) 2 is the variance of θ est and the (classical) Fisher information J θ is defined as
(II.2) For a quantum system, the state of a system is given by a density matrix ρ θ instead of a probability distribution function. Random data will be collected after the measurements on the system and these data could be used to reconstruct the parameter θ of the system. Given a positive-operator-valued measurement (POVM) denoted by a positive operator M x , where x labels the possible measurement outcomes, the classical probability p θ (x) in equation II.2 is given by p θ (x) = tr(ρ θ (x)M x ). By introducing the symmetric logarithmic derivative L ρ θ ,
The Fisher information for M = 1 in II.2 can be written as
(II.5) The maximum of all possible measurements gives a measurement independent quantity F θ which is termed as the quantum Fisher information (QFI) [1] ,
With this definition, a similar inequality as the Cramér-Rao (lower) bound can be written out which is called the quantum Cramér-Rao bound, i.e.
where M is the number of independent identical POVM measurements of the same system prepared in the same state. Those measurements that saturate the quantum Cramér-Rao bound are called optimal distinguishing measurements. [1] [2] [3] Braunstein and Caves showed that quantum Fisher information has a tight connection with the Bures distance [20] . Bures distance endows the Riemannian geometry onto the space of density operators and the geometric distance between two quantum density operators is given by [3, 5, 21] 
where A(ρ 1 , ρ 2 ) = tr(ρ 1/2 1 ρ 2 ρ 1/2 1 ) 1/2 is the fidelity. For two density operators ρ θ and ρ θ+dθ , the QFI gives the infinitesimal geometric distance
(II.9)
III. THE SYSTEM
We consider a model with two fermion sites. Each site can either adopt a fermon with some certain energy or remain empty, and the fermion can tunnel between the two sites with a finite tunneling rate. Furthermore, the two sites are immersed in two separate large reservoirs of fermions. We take the Hamiltonian of the system takes the following form [16] :
where H S represents the system hamiltonian without the environment and H R is the hamiltonian for the free reservoirs. ∆ describes the tunneling of the fermions between the two sites. The creation and annihilation operators η † 1,2 and η 1,2 on the site 1(2) follow the standard fermionic statistics
The interaction Hamiltonian between the system and the reservoirs is described by the following terms,
where λ is the interaction strength between the system and the reservoir and a † kp (b † kp ) are the creation operators for a particle of momentum k, polarization p in the reservoirs.
The system hamiltonian can be diagonalized with the following transformation,
After the diagonalization,
1,2 satisfy the same anti-commutation relation. We apply the quantum master equation approach with the Born-Markov approximation and without secular approximation. For details in this approach and the caveat used in our model, see [15] . We ignore the variance in the reservoirs, i.e.ρ R (t) ≈ ρ R (0) = ρ R and the quantum master equation (QME) takes the following form,
(III.6) whereH int ≡ e iH0t/ H int e −iH0t/ is the interaction Hamiltonian in the interaction picture, H int is the interaction Hamiltonian in the Schrödinger picture and H 0 = H S + H R . We ignore the back reaction from the reservoir to our system and trace out the environmental contributions to the full density matrix to obtain the reduced density matrix of our system.
The secular approximation used in the Lindblad master equations cannot capture the population and coherence couplings which is crucial for nonequilibrium studies [15] [16] [17] . Furthermore, the approximation requires extra time scale hierarchy that is not always applicable when nonequilibrium effects are prominent [15, 18] . In our study, we will apply Markovian approximation without secular approximation (which leads to Bloch-Redfield equation) and study the nonequilibrium properties of the QFI of two important parameters of the system, i.e. the tunneling between the two sites and the site-environment coupling.
The result of the quantum master equation after the above approximations is as follows,
The dissipator D 0 describes the particle exchanges with the reservoirs, and D s gives the coherence between energy levels of the system which is absent in the Lindblad formalism. D 0 and D s are defined as follows (plus and minus signs are for bosonic reservoirs and fermionic reservoirs, respectively),
where ω a is the energy eigenvalue of the system, sin θ and cos θ are the elements in the transformation matrix defined in III.4, and n Ti k is the number density of the i th reservoir with temperature T and energy ω k . Due to the rapid oscillation of field modes, we assume the Weisskopf-Wigner approximation. We expand the time integral to infinity and replace the summation in the interaction Hamiltonian by integration. The decay rates after the approximation are defined as follows,
For the bosonic bath, the number density is n Ti k = 1 e βiω k − 1 , and for fermionic bath n Ti k = 1 e βi(ω k −µi) + 1 .
IV. QFI OF OUR SYSTEM
For the system we consider, we are interested in the long time steady state behavior, namely the nonequilibrium steady state solution (NESS). The solution for the density matrix is obtained by solving the quantum master equation III.7,
The solution of the master equation has two uncoupled parts, ρ 11 , ρ 22 , ρ 33 , ρ 44 , ρ 23 , ρ 32 and the rest. The offdiagonal components, except ρ 23 and ρ 32 , are uncoupled with the population components, and thus they vanish in the steady state. Therefore, we only consider the "X" form of the density matrix in the energy representation,
The exact solution and the perturbative solution in environmental coupling of the above master equation can be found in [15] . Furthermore, based on the spectral decomposition ρ = N i p i |ψ i ψ i | (where M denotes the number of nonzero p i ), the QFI for a general quantum state described by the density matrix ρ(θ) is given by [6] 
Then we perform spectral decomposition
. Then the coefficients of the spectrum decomposition in IV.3 is given as follows,
For the two-site quantum system, the coupling between the two sites (or between a site and a reservoir) of the system can be estimated by repeated measurements on the system. With the spectral decomposition given by Eq. (IV.5), the QFI according to Eq. (IV.3) has the following expression
(IV.10) One particular aspect of this equation worth noticing is that the quantum contribution comes only from the nonequilibrium effect. The first term in Eq. (IV.10) is the same as the classical Fisher information and represents the classical contribution if we regard the set of nonzero eigenvalues as a probability distribution. The remaining parts corresponding to the second and third terms in Eq. (IV.3) come from the quantum effect. For equilibrium states with equal temperature or chemical potential of the two reservoirs, we find that only the first term survives while the second term is zero. The second term vanishes in equilibrium condition when the steadystate coherence ρ 23 = 0, i.e. α = 0 and sin α = 0. Therefore, the quantum contribution to the QFI only comes from the nonequilibrium effect in this model. The second term arising from the nonequilibrium steady-state coherence is non-negative. It implies that the nonequilibrium steady-state coherence contributes to the QFI. Under equilibrium condition with equal temperature and chemical potential of the two reservoirs, the steady state quantum Fisher information only has the classical Fisher information component, the second term in the Eq. (IV.10) is zero. In Fig. 1 , F ∆ is plotted as a function of the temperature T . We notice that the QFI is zero at low temperature and also zero at high temperature limits. This is due to the fact that at low temperatures the equilibrium probability of the occupation number at any site in the system is small, therefore the most probable case is that the two sites are empty. This probability does not alter significantly with respect to the change of tunneling rate. In this case, the system is insensitively to this parameter and the accuracy of estimation is low. In the high temperature limit, i.e. T ∆, the distribution of particles on each site is dominated by the thermal effect and similar insensitivity is observed. On the other hand, we find a much stronger boost to the QFI when we tune the chemical potential of the reservoirs to certain values. In particular, when tuning up the chemical potential from zero, we find two peaks which correspond to the two resonant frequencies of the system ω 1 and ω 2 as shown in Fig. 2(a) in blue. QFI has two peaks with increasing chemical potentials, which corre- Figure 3 : QFI in the nonequilibrium cases. (a-c) QFI vs ∆T at different tunneling rates with T 1 = 0.1 and T 2 = T 1 + ∆T . At small tunneling rate ∆ = 0.1, the QFI is enhanced when the chemical potential is away from system frequencies. When the tunneling rate is larger ∆ = 0.3, the QFI mostly decays monotonically with the increase of temperature bias. (d-f) From left to right is in the order of increasing ∆. The same conclusion can be drawn when tuning the chemical potential bias and the effect is more apparent. The nonequilibrium enhancement at lower tunneling rate gradually turns into suppression at large tunnelings. Here µ 1 = µ − ∆µ, µ 2 = µ + ∆µ, and T 1 = T 2 = 0.2. For all, Γ 1 = Γ 2 = 0.05, ω 1 = ω 2 = 1.
spond to the two resonant frequencies for ∆ = 0.3. The system frequencies are linearly dependent on the tunneling rate, i.e. ω 1,2 = ω 1,2 ± ∆. At low temperatures, the two fermion sites are approximately maximally entangled when µ ∈ [ω 1 , ω 2 ] and the probability distribution of particles will be localized at the lower eigenstate of the system. In this case, decreasing or increasing the tunneling rate will render the ambient chemical potential in or out of the resonance range and thereafter the state of the system, i.e. the probability distribution of the particles changes discontinuously at zero temperature. Therefore, the system reaches its highest sensitivity to the change of the external chemical potential when µ ≈ ω 1,2 and this gives the two peaks in Fig. 2(a) . Although this resonant boost by chemical potential was also discovered for quantum correlations and entanglement, the huge dip between the two peaks does not appear in the other cases [15] . When the tunneling rate is small (Fig. 2(a) in yellow), the maximal value of the QFI increases. At low tunneling rate, this double peak pattern easily vanishes at the non-vanishing reservoir temperature. For example when we increase the temperature from 0.05 to 0.1, the dip between the two peaks disappear and the maximal value QFI decreases (dashed line in Fig. 2(a) ). Similar disappearance of sharp peaks of resonance at finite temperature also appears in other quantum information measures such as entanglement and quantum discord. We notice that the parameter regions of maximal QFI do not overlap with the region of maximal entanglement or maximal coherence, as is shown in Fig. 2(b) where we plot the entanglement (orange) and coherence (blue) in the same region of parameter space. Around µ = 0.1, the entanglement and coherence all reach the maximal, the QFI however is in its lowest point. On the other hand, a large QFI does imply the large entanglement (in this case the boundary of large entanglement region).
B. Nonequilibrium regime
In the nonequilibrium regime the system manifests a qualitatively different behavior at small tunnelings from Figure 5 : Coherence and entanglement in nonequilibrium conditions. (a) The coherence is plotted at the same condition as Fig. 3(a) . (b) The entanglement is plotted at the same condition as Fig. 3(d) . In the region where QFI is optimized, the entanglement and coherence are also optimized. (c) The entanglement is plotted at the same condition as Fig. 3(f) for comparison. For all, Γ 1 = Γ 2 = 0.05, ω 1 = ω 2 = 1.
that at large tunnelings. As is shown in Fig. 3(a) where we plot the QFI at a small tunneling rate ∆ = 0.05, in the region away from the resonance potential there is a significant boost in the QFI as the temperature bias increases. The QFI reaches a finite asymptotic value as ∆T → ∞.
On the other hand, when the tunneling rate is large (e.g. ∆ = 0.3 in Fig. 3(c) ), the phase diagram has a topology change with the two local maxima centered at the zero temperature bias and resonant chemical potentials. The QFI shows a complicated relationship with the temperature bias, but in general it decays with the increase of the bias. This is an opposite trend comparing with that of small tunneling regimes. As the tunneling rate increases from 0.05 to 0.3 [see Fig. 3 (a-c) ], the QFI within the resonant frequencies gradually dominates that away from the resonant frequencies. The nonequilibrium effect only harms the QFI. Therefore, the nonequlibriumness characterized by temperature bias between two reservoirs can only significantly enhance quantum metrology when the tunneling rate of the quantum system is very small. For strongly coupled quantum systems, i.e. those with large tunneling rates, nonequilibriumness does not boost the quantum metrology.
As an example, in Fig. 4 F ∆ is plotted as a function of ∆T = T 2 − T 1 for a fixed T 1 = 0.1 and µ 1 = µ 2 = 0.3 as well as different chemical potentials µ's and tunneling rates ∆'s. The degree of nonequilibriumness is characteriszed by the temperature bias between two reservoirs ∆T . With the two reservoirs sharing the same chemical potential and different temperatures, we adjust the temperature bias of the two reservoirs. When the tunneling rate is small, i.e. ∆ = 0.1, F ∆ increases with the temperature bias monotonically, see Fig. 4 (a) . In this case, nonequilibrium conditions enhance the QFI. However, when the tunneling rate gets larger, e.g ∆ = 0.3 in Fig. 4 (b) , F ∆ mostly decreases with the temperature bias. Figure 6 : F Γ1 (QFI of the system-environment coupling strength Γ 1 ) in nonequilibrium conditions. (a) In the small tunneling regime, the further the system is from the equilibrium the larger the QFI. This is the same trend as F ∆ shown in the previous section. (b) F Γ1 at the larger tunneling rate deviates from the F ∆ . Instead of reversing the trend of the small tunneling case, F Γ1 shows similar monotonically increasing trend with ∆µ, which can be compared with Fig. 5(c) . For be found in µ -∆µ diagrams. When the tunneling rate is small ∆ = 0.05, the QFI is enhanced when the chemical potentials of both baths are tuned away from the system frequency. The maximum of the QFI occurs when the bias ∆µ is maximized and the chemical potentials of the two baths are symmetrically distributed with respect to the system frequencies [see Fig. 3(d) ]. As the tunneling rate increases, the center of the bright regions (large QFI) moves downward towards the smaller bias until it lies right at zero bias (or reaches equilibrium regimes) as shown in Fig. 3 (e, f). In comparison, the QFI in large tunneling case has roughly the opposite trend of that in the small tunneling case, it decays with the increase of chemical potential biases. However, there are still parameter regimes away from the equilibrium where the QFI is boosted. Those regimes correspond to the cases when the chemical potential of one of the reservoirs reaches the system frequency, which is not a real nonequilibrium effect. This phenomenon can be noticed that the two bright bands in Fig. 3 (f) correspond to the boundary of the two bright bands in Fig. 5(c) . A typical plot of this scenario shown in Fig. 4(c) where we picked µ ≡ 1/2(µ 1 + µ 2 ) = 0.3. The two peaks correspond to when µ 2 is on the boundary of the resonant region, i.e. µ 2 = 1 ± 0.3. The asymptotic value at large ∆µ is lower than the equilibrium value at zero bias. This shows a deterioration of the QFI by the nonequilibriumness.
Furthermore, we can compare the change of QFI at different environmental parameters with that of coherence and entanglement. Though in general no rigorous relationship has been established between the QFI and entanglement, we show that for our model the nonequilibrium effects for coherence and entanglement are almost the same as that for the QFI. For example, in Fig. 5 , the coherence is plotted at the same condition as that of Fig. 3 (a) at a small tunneling rate. Compared with Fig. 3 (a), the figure has almost the same trend. Apart from the regimes near µ = 1 where the coherence decreases with the temperature bias, the coherence is promoted by the ∆T . Moreover, the maximal enhancement in the nonequilibrium regimes lies outside the resonant chemical potential range. Fig. 5 (b) is plotted in comparison with Fig. 3 (d) , where we show that the concurrence is a monotonic function of ∆µ at small tunnelings. In this case, both entanglement and QFI are simply enhanced by nonequlibrium conditions. The nonequilibrium effect on entanglement also reverses its trend when the tunneling rate increases from 0.05 to 0.3 in comparison with Fig. [3] (d-f), see Fig. 5 (c) . The detailed discussions for the entanglement and other quantum correlations in this case can be found in Ref. [15] .
VI. QFI OF THE DISSIPATION RATE Γ1 IN THE FERMIONIC RESERVOIRS
For a unitary evolution of a closed system, local QFI (lQFI) can be used to characterize quantum correlations such as quantum discord [27] . The counterpart of lQFI in the open system corresponds to the QFI of a locally defined parameter that is only directly related to one of the two subsystems. In this section, we study the QFI F Γ1 , which characterizes the precision of estimation of one of the dissipation rates Γ 1 . Γ 1 characterizes the strength of the coupling of the first fermion site with the reservoir it is in contact with. Nonequilibrium conditions in open systems has been shown to be useful to enhance quantum correlations and coherence in many cases. Here, we study how nonequilibrium conditions will influence the QFI of the local parameter in the two-fermionic open system.
We assume that Γ 1 and Γ 2 are independent parameters characterizing the strength of the system-environment couplings or the dissipation rate at site 1, and that Γ 1 is the parameter to be estimated. Unlike the case of F ∆ where the QFI behaves similarly to that of the quantum coherence and entanglement under nonequilibrium conditions, F Γ1 deviates from entanglement in certain nonequilibrium regimes.
In the small coupling regime, both quantum entanglement and F ∆ increase almost monotonically with the degree of nonequilibriumness. The same effect is found for F Γ1 , see Fig. 6 (a) . At a larger tunneling rate, however, the parameter regimes of strong entanglement are centered around the equilibrium condition (∆µ = 0) at resonant chemical potentials (µ=0.1) [see Fig. 5 (c) ], while the parameter regimes of large QFI are located at large chemical potential biases [ Fig. 6 (b) ] where the entanglement is negligible. It was shown that in many cases a large QFI implies the violation of Bell inequality [26] , but it is not generally true as shown in this case where in the regimes of large QFI, the entanglement is very weak and as we tune up the biases we can easily reach the point that the Bell inequality is not violated. Furthermore, this nonequilibrium boost of QFI goes beyond the case where the two sites have an identical coupling to the environments, Fig. 6(c) .
For the estimation of the local parameter Γ 1 , the QFI is more related to the degree of nonequilibriumness than the entanglement strength or coherence. The degree of nonequilibrium conditions has a clean monotonic relation with F Γ1 which is not present in either coherence or entanglement. While numerous studies have shown that local QFI for a unitary transformation is closely related to quantum correlations in the system, our results suggest that for the estimation of the local parameter in an open system, a large QFI suggests a large degree of nonequilibriumness in the system instead of a large entanglement or quantum discord.
VII. REMARKS AND CONCLUSION
In this work, quantum metrology of two-fermionic systems in equilibrium and nonequilibrium environments are studied. We studied two cases of esimation, one being the estimation of the inter-site tunneling rate ∆ and the other the local dissipation rate Γ 1 . For the parameter estimation of the inter-site tunneling rate ∆, we remark that in equilibrium case, the QFI reaches its maximum when the chemical potentials of the reservoirs are equal to the system eigen frequencies. QFI has a weaker dependence on the temperature of the reservoirs compared with the chemical potentials. In the nonequilibrium case, we see an enhancement of the QFI away from the resonant frequencies by the temperature biases when the inter-site tunneling rate is small. On the other hand, for a large tunneling rate the nonequilibrium condition does not boost the quantum metrology. QFI decreases with the increasing degree of nonequilibriumness in most pa-rameter regimes. From a more practical perspective, the smaller inter-site tunneling is likely to be the more relevant regime as it is harder to measure and more relevant for realistic models.
For the estimation of the local dissipation rate Γ 1 , we find a simple dependence of the QFI on the nonequilibrium conditions. In all parameter regimes we explored, the nonequilibriumness gives a clear boost to the QFI regardless of the magnitudes of the inter-site tunneling strengths, chemical potentials or the system-bath coupling strengths. Furthermore, we find a regime in the parameter space where the entanglement and the QFI has an opposite trend with respect to the increase of the degree of the nonequilibriumness. This behavior contradicts many previous results [2, 26, 27] . Our result suggests that in an open system, a large QFI does not necessarily indicate a large quantum correlation but may be a strong indication that the system is in a strongly nonequilibrium state.
